In this article, we introduce a new concept of contraction called F-Khan-contractions and prove a fixed point theorem concerning this contraction which generalizes the results announced by Khan [M. S. Khan, Rend.
Introduction
The Banach contraction principle is one of the most fundamental and important results in modern mathematics which is widely applied in many other branches of science and applied science. The Banach contraction principle provides a constructive method of finding a unique solution for models involving various types of differential and integral equations. This principle is generalized by several authors in various directions (see [1, [6] [7] [8] and references therein).
In recent years an interesting but different generalization of Banach-contraction theorem has been given by Wardowski [9] . He introduced a new contraction called F-contraction and established a fixed point result as a generalization of the Banach contraction principle in a dissimilar way than in the other acknowledged results from the literature.
On the other hand, some generalizations of Banach contraction principle are obtained by contraction conditions containing rational expressions. In this direction, in 1973, Geraghty [5] introduced a contraction in which the contraction constant was replaced by a function having some specific properties. Since then, several papers which dealt with fixed point theory for rational Geraghty contractive mappings have appeared (see, e.g., [2, 10] and references therein). One of the well-known works in this direction was established by Khan [6] and revised by Fisher [4] as follows.
Theorem 1.1 ([4]
). Let (X, d) be a complete metric space and T : X → X satisfy
where k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n x} n∈N converges to x * .
Recently, Piri et al., [8] extended the results of Khan [6] and Fisher [4] by introducing a new general contractive condition with rational expressions as follows:
) be a complete metric space and T : X → X satisfy
for some k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n x} n∈N converges to x * .
Also by providing some examples, Piri et al. [8] showed that their results are a proper generalization of Fisher [4] and Khan [6] .
Following this direction of research, in the present article, we will present some fixed point results of F-Khan-type self-mappings on complete metric spaces. Moreover, an example and application for the solution of certain integral equations are given to illustrate the usability of the obtained results.
Preliminaries
Definition 2.1 ([9] ). Let F be the family of all functions F : (0, ∞) → R such that (F1) F is strictly increasing, i.e. for all x, y ∈ (0, ∞) such that x < y, F(x) < F(y); (F2) for each sequence {α n } ∞ n=1 of positive numbers, lim n→∞ α n = 0 if and only if lim n→∞ F(α n ) = −∞;
Definition 2.2 ([9]
). Let (X, d) be a metric space. A mapping T : X → X is said to be an F-contraction on (X, d), if there exist F ∈ F and τ ∈ (0, ∞) such that
Wardowski [9] stated a modified version of Banach contraction principle as follows.
Theorem 2.3 ([9]
). Let (X, d) be a complete metric space and T : X → X an F-contraction. Then T has a unique fixed point x * ∈ X and for every x ∈ X the sequence {T n x} n∈N converges to x * . Definition 2.4. Let F K be the family of all increasing functions F : (0, ∞) → R, i.e. for all x, y ∈ (0, ∞), if x < y, then F(x) F(y).
Definition 2.5. Let (X, d) be a metric space. A mapping T : X → X is said to be an F-Khan-contraction if there exists τ ∈ (0, ∞) and F ∈ F K such that for all x, y ∈ X if max{d(x, T y), d(T x, y)} = 0, then T x = T y and
and if max{d(x, T y), d(T x, y)} = 0, then T x = T y.
Example 2.6. Let F 1 (α) = ln(α), α > 0. Obviously F ∈ F K and for F 1 -Khan-contraction T , for all x, y ∈ X such that max{d(x, T y), d(T x, y)} = 0, the following condition holds:
Obviously F 2 ∈ F K and for F 2 -Khan-contraction T , for all x, y ∈ X such that max{d(x, T y), d(T x, y)} = 0, the following condition holds:
denotes the integer part of α. Obviously F 3 ∈ F K and for F 3 -Khan-contraction T , for all x, y ∈ X such that max{d(x, T y), d(T x, y)} = 0, the following condition holds:
Example 2.9. Let X = {0, 1, 2, 3} and d(x, y) = |x − y| for all x, y ∈ X. Then (X, d) is a complete metric space. Let T : X → X be defined by
Now we consider the following cases:
Case 2. Let x = 0 and y = 2, then
Case 3. Let x = 0 and y = 3, then
Case 4. Let x = 1 and y = 2, then
Case 5. Let x = 1 and y = 3, then
Case 6. Let x = 2 and y = 3, then
For τ ∈ (0, ln 2. Therefore, T satisfies in condition (2.3). For τ ∈ (0, 2], T satisfies in condition (2.4).
Main results
Our main theorem is essentially inspired by Khan [6] , Fisher [4] , Wardowski [9] , and Piri et al. [8] . More precisely, we state and prove the following result. Theorem 3.1. Let (X, d) be a complete metric space and T : X → X be an F-Khan-contraction. Then, T has a unique fixed point x * ∈ X and for every x ∈ X the sequence {T n x} n∈N converges to x * .
Proof. Let x 0 = x ∈ X. Put x n+1 = T x n = T n+1 x 0 for all n = 0, 1, 2, · · · . If there exists n ∈ N such that x n = x n−1 , then x n−1 is a fixed point of T . This completes the proof. Therefore, we suppose x n = x n−1 for all n ∈ N. We shall divide the proof into two cases. Cases 1. Assume that d(x n−1 , T x n ) = 0, for all n ∈ N. Then, from (2.1) we have
Since F ∈ F K , so from (3.1) we have
Therefore {d(x n , T x n )} n∈N is a strictly decreasing sequence of nonnegative real numbers, and hence
Since {d(x n , T x n )} n∈N is a nonnegative strictly decreasing sequence, so for every n ∈ N, we have
Now, we claim that γ = 0. Arguing by contradiction, we assume that γ > 0. From (3.2) and F ∈ F K , we get
for all n ∈ N. Since F(γ) ∈ R and lim n→∞ [F(d(x 0 , T x 0 )) − nτ] = −∞, so there exists n 1 ∈ N such that
It follows from (3.3) and (3.4) that
It is a contradiction. Therefore, we have
Now, we claim that, {x n } ∞ n=1 is a Cauchy sequence. Arguing by contradiction, we assume that there exist > 0, the sequences {p(n)} ∞ n=1 and {q(n)} ∞ n=1 of natural numbers such that
By triangular inequality, we have
It follows from (3.5) and (3.6) that
So, there exists n 2 ∈ N such that for all n n 2 , d(x p(n) , T x q(n) ) > 2 . Therefore
Again by triangular inequality, we have
It follows from (3.5) and (3.6) that lim inf
So, there exists n 3 ∈ N such that for all n n 3 ,
Since F ∈ F K , so from (2.1), (3.7), and (3.8), for all n max{n 2 , n 3 }, we have
From (3.7), for n n 2 , we have
(3.10)
It follows from (3.5), (3.10), and sandwich theorem that
So there exists n 4 ∈ N such that for all n > n 4 ,
Since F ∈ F K , so for all n > n 4 , we have
From (3.9) and (3.11), for all n max{n 2 , n 3 , n 4 }, we obtain that
This contradiction shows that {x n } is a Cauchy sequence. By Completeness of (X, d), {x n } converges to some point x * in X. Therefore
Now, we claim that d(x * , T x * ) = 0. By contradiction, we assume that d(x * , T x * ) > 0. We only have the following two cases
In the first case, from (3.12) we have
In the second case, for all n N, we have
So from (2.1), we get
On the other hand, from (3.5) and (3.12) we have
Since d(x * , T x * ) > 0, so there exists n 5 ∈ N such that for all n n 5 ,
14)
It follows from (3.13) and (3.14) that
So, we get
and from (3.12), we obtain
This is contradiction. So, we have x * = T x * . Now, we show that T has a unique fixed point. For this, we assume that y * is another fixed point of T in X such that d(x * , y * ) > 0. Therefore
this leads to a contradiction and hence x * = y * . This completes the proof. Theorem 3.3. Let (X, d) be a complete metric space and T n : X → X be an F-Khan-contraction for some n ∈ N. Then, T has a unique fixed point x * ∈ X and for every x ∈ X, the sequence {T n x 0 } n∈N converges to x * .
Proof. By Theorem 3.1, T n has a unique fixed point x * ∈ X. Then, we have T n (T x * ) = T (T n x * ) = T x * and so T x * is a fixed point of T n . Therefore, by uniqueness of the fixed point of T n it must be that T x * = x * .
Example 3.4. Consider the sequence {S n } n∈N as follows:
Let X = {S n : n ∈ N} and d : X × X → [0, ∞) be defined by d(x, y) = max{x, y}, if x = y and d(x, y) = 0, if x = y. Then (X, d) is complete metric space. Define the mapping T : X → X by T (S 1 ) = S 1 and T (S n ) = S n−1 for every n > 1. Since
Therefore T is not satisfies in assumption of Theorem 1.2 and since (1.1) implies (1.2), so T is not satisfies in assumption of Theorem 1.1. On the other hand, taking
we obtain that T is an 
Application
In this section, we present an application where Theorem 3.1 can be applied. This application is inspired by [3] . 
